
bins can be identified with:

Q :=
�
qqq ∈ RM−1 : −∞ < q1 < q2 < · · · < qM−1 < ∞�

.

The receiver may use dithering, that is, for each symbol
duration it may randomly choose some quantizer qqq ∈ Q. We
assume that the dithering is independent of the channel input
and the channel noise. Such random dithering has been found
to be beneficial in parameter estimation based on low-precision
samples ([4], [5]). Let PQ denote the set of probability
measures on Q. For a dither distribution µ ∈ PQ, the channel
output is given by

Y = Qµ (X + σW )

where X is the channel input with distribution F (x), W is
N (0, 1), and Qµ denotes a dithered quantizer whose thresh-
olds are chosen as per the probability law µ independently of
X and W . Note that we have assumed that the received signal
satisfies the Nyquist criteria ([6, pp. 543]), and hence symbol
rate sampling of the received waveform results in a discrete
memoryless channel. The capacity of this channel under an
average power constraint P on the input is

C0 = max
µ∈PQ

max
F ( ·): E[X2]≤P

I(X; Y ). (1)

Lemma 1: In (1), we can take µ of the form δqqq, qqq ∈ Q
without any loss of optimality, where δqqq is the unit mass at qqq.
Proof: We note that for a fixed input distribution, I(X; Y ) is
a convex function of P (Y |X). But

P (Y |X) =
�

Q
P (Y |X,qqq)dµ(qqq)

is a linear function of µ. Therefore for a fixed input distribution
I(X; Y ) is a convex function of µ. To stress the dependence
on µ, we write I(X; Y ) as I(µ) now. By Jensen’s inequality
[7], we have

I(µ) ≤
�

Q
I (δqqq) dµ(qqq).

This implies that for any µ, there exists at least one δqqq such
that I(µ) ≤ I (δqqq). Thus without loss of optimality we can
only consider deterministic quantizers.

Since the typical quantizers used in practice are symmetric,
we further restrict ourselves to symmetric quantizers. Next we
show that for symmetric quantizers, without loss of optimality
we can only consider symmetric inputs in (1). To be more
precise, the input X is symmetric if X and −X have the
same distribution, that is, F (x) = 1 −F (−x). For a quantizer
qqq, let q̂qq be the quantizer whose thresholds are the negative of
the thresholds of qqq. A symmetric quantizer satisfies qqq = q̂qq.

Lemma 2: If we only consider symmetric quantizers in
(1), then without loss of optimality we can consider only
symmetric inputs.
Proof: Suppose we are given F (x). Consider now the follow-
ing mixture:

F̃ (x) =
F (x) + 1 − F (−x)

2
.

This mixture can be achieved by choosing distribution F (x)
or 1 − F (−x) with probability 1/2 each. If we use F̃ (x)
in place of F (x), we see that H(Y |X) remains unchanged
due the symmetric nature of the noise W and the quantizer
qqq. However, we note that H(Y ) changes. Suppose that when
F (x) is used, the PMF of Y is aaa = [ a1, ..., aM ]. Then under
1−F (−x) it is âaa = [ aM , ..., a1]. Hence under F̃ (x), the output
Y has the mixture PMF ãaa = ( aaa+ âaa)/2 . But since the entropy
is a concave function,

H(Y )
��
Y ∼ãaa

≥ H(Y )
��
Y ∼aaa

2
+

H(Y )
��
Y ∼âaa

2
= H(Y )

��
Y ∼aaa

.

It follows that under the symmetric distribution F̃ (·), I(X; Y )
is greater than that under F (·). The desired result thus follows.

Even though the use of symmetric quantizers (and hence
symmetric inputs) simplifies the problem (1), obtaining an ex-
plicit expression for channel capacity is still a formidable task
for the multi-bit case. This is due to the complicated expression
for the mutual information, which needs to be optimized over
a continuous alphabet input. However, the output alphabet
is discrete in our problem. In the next section, we exploit
this fact by working with an alternate dual formulation of
capacity, which involves optimization over the discrete output
distribution rather than the input.

III. METHODOLOGY FOR COMPUTING CAPACITY

In this section, we motivate and outline numerical procedures
for obtaining upper bounds on the capacity. We consider a
fixed quantizer only; optimization over the quantizer can be
carried out by evaluating the mutual information for different
quantizers (see Section IV-B). For a fixed quantizer, our
problem reduces to finding

C = max
F ( ·): E[X2]≤P

I(X; Y ). (2)

In principle, we can use the cutting-plane algorithm [8] to find
this capacity. However, when the support set of the optimal
input distribution is not known, the numerical convergence
of this algorithm is extremely slow, and also highly sensi-
tive to initialization. Therefore, in Section III-A we develop
a different approach to upper bound the capacity. Further,
we conjecture that for our problem the capacity achieving
distribution is discrete and in Section III-B we present an
approach to find good support sets for the input distribution,
which coupled with the cutting-plane algorithm leads to nearly
optimal input distributions. In this section we only describe the
rationale behind our approach; the goodness of this approach
is demonstrated by the numerical results in Section IV.

A. Duality Based Upper Bound on Channel Capacity

The approach we use to derive upper bounds on capacity
is motivated by the discrete nature of the channel output,
which makes the following dual formulation of capacity more
attractive to work with. If we denote the channel transition law
(which includes the quantizer operation as well in our case)
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